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• tree edge ! E ! I
Last time: part of DES forest

• forward edge same as above

Started unit on graph algorithms .
to non-child descendant

• back edge { Eu L ? This is impossible:
to ancestor

Depth - First Search ( with pre and post valves) . cross edge ! ? I 1
I t ! !

to already post- visited 18

Finding the connected components of an undirected graph
.
. *

" ÷i÷÷÷÷÷÷÷÷÷i÷
"

Determining if a graph is acyclic

Today :

Topological sort

Finding the stronghold components of a dieted graph .

Breadth First Search for shortest paths with unit distance



Directed Acyclic Graphs
.

Here acyclic means without cycles .

They are useful to model causalities , hierarchies, temporal dependencies, . . .

claim G is a cyclic ⇒ no back edges in DFSCa)
When Vt is explored,

proofi ① back edge → cycle ② cycle → back edge t
.

it will cause a back

of y cycle ! Say G has cycle u, . . .,Vt , II.yr,
edge From Vt to V. .

| .? !?" and whoa v. is visited first
g.g

.

.

back

t
.
.

: when running DFSCal . Then : j;¥k .

.

!
"
t

Uga

The claim directly leads to the following algorithm :

Is DAG (G ) : I
. Run DFS Ca ) to collect pre, post numbers .

Z
.
For each Chile E , it (un) is a back edge then output NO .

3
. Output YES , post Irb poster]

The running time is OCIHHEI) .



Topological sort

A topological sort of a DAG G is a total order on vertices so that

each edge goes from an earlier vertex to a later one .

Q : how to topologically sort a DAA ?

claim If G is a DAG then t Cair) EE in DFSCh) it holds that postEu ] > post [v2 .

proof : If F tu
,
DEE st . post Tv ] > post fu ] lie . Luis is a back edge ) then 9 has a cycle . Bad

This leads to the following algorithm :

TopoSort ( G ) : I . Run DFS Ca ) to collect pre , post numbers . } can do in time OCNHIED

2 . Output vertices in descending post order . because can
"

push out
"

This works because ( u,v) e E→ post [a ] > post [v ] .
a vertex when we are done

exploring it

Note : increasing pre- order does Not work

,

increasing pre-order : ①→⑤⇒② ×

decreasing post-order : ①→②→⑧ V-



Connectivity [ directed case ]

u
,
v are strongly connected = path from u to v S (possibly diff) path from v to u .

This equivalence relation partitions 9 into strongly connected components (secs ) .

Every graph is a BAG of secs .

Source

①→⑧→②
source

Xd TL ①→B→
⑤
"

⑤ ⑤ f f f
sink t t D '

¥I⑨→④

/L J
sink

⑦←⑤ ④

¥



Finding Sccs

Idea # l : explore ( h ,v ) visits all and only vertices insccofv teachable from v

Idea #2 : find a vertex in sink - SCC
, explore vertices there and remove them ; repeat

Q : how to find sink - Sec ?

Finding a vertex in source - SCC is easy : node with highest post number .

Can linear ice secs by descending max post numbers .
Why ?

Then note that re sine-Sec of a

Max post in Scc
,
s Max post in seq

⇐D VE source - Scc of GR .

Find SCC Ca ) : I . Deduce GR from G
.

C linear time from G's matrix or list representation)

2 . Run DFSCAN to get post numbers .
3 . Initialize Scc: =L and f reV Sanomat null .

4 . For each v in V in reverse post-order of GR :

if not visited Lv ]

| I explore law,
tack

[ assign sccnumEVI : -- see inside explore Cair) ]

Scc t I



Paths in Graphs

We have seen that DFS tells us about reachability in a gap ( DAG of secs)
,

but gives no guarantees about whether getting there is longAhart .

NEW GOAL : shortest paths

Given re V
,
find distance (S path) from r to all other vertices .

Example : BO A B C D E

①
/ (& distCA

,
s) 0 I 2 I 2

start)
⑤1-⑦

Observe that Vo -- FAS = all vertices at distance O

V, -- 913,133 -- all vertices at distance '

v

?
-
- EGEI -- all vertices at distance 2

Idea for algorithm : Viti
"

neighbors of Vi in Vslrovviu . - - uVi )
"

so we should design an algorithm that given Vo
,
Vi
,
. .
.

,
Vi finds Viti



Breadth - First search ( BES) ⑨

Initialize a queue (
FIFO ) with starting vertex .

①//\④
start) /

At each iteration
, ejecta node and add back

④-⑤

all unseen nodes with distances tt . Q A B C D E

BES (G.s) : 1. dishes ] : -- o X starting vertex [ Ao ] 0 A co co co

distress] :-. Hall other vets
are unseen

Q := InitQueue (ESD Ibb] O l P I •

2. while Q # 93
2 ,

U eject- (Q)
(CD] 0 I 2 I co

for luv)EE : LEE ] O l 2 I 2

if distr] -- knot seen yet
z

( E ] "Ill :i÷:c.tn?::...u.+ . . . .

• In DFS we explore via stack (FILO) : a. In BFS we explore via queue ( FIFO) :
na

←
e -

F → II D - . . DD to
: -

O
( can realize via a linked list)



Analysis of BFS

• Running time :
Initialization preamble is OCND .

Each vertex is injected and ejected exactly once . This adds up to Nl injects t IVI ejects .
Each directed edge is examined once

. This adds up to 011 Et ) work .

Total time is OGVI HEI ) ( like DFS ) .

• Correctness :
vertices in queue
-

..
. he
-

Initially : Q contains exactly Vo -- 953

Later : for d -- I , 2,3 . . . . there is a point at which Q contains exactly Vd .

At that time : ① all nodes of distance Ed hare correct distf]

② all other nodes have dist II -- is

③ queue contains only nodes at distt Ied .



Lengths on Edges
So far : all edges have the same length .

We now introduce a label for each edge that denotes its length l : E →Al .
These lengths do not have to be physical I could be money , time , strength . . . . ) .

Q : how to solve the shortest path problem with edge lengths ?

too ⑨ too This does notIdea # I : use BFS

①

④

make much sense .

start 3
woo - 05-0

Ide

?
a

:

idea!! a. by adding dummy node
÷⇒

.

④2
. Run BFS on G

'

rather than G .

The approach is correct but running time is O""HE'D
. ribnyutn.si?yngiisme9,smegThis is problematic because IVY , IE

' I may be exponential in input size !

Idea # 3 : recycle BFS in a better way
- Dijkstra's Algorithm

It uses a priority queue to consider nodes in an order that follows
"
best distance so far

"

.


